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The theorem in detail

Square and triangles

First approach
Dissect a square into triangles?
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The theorem in detail

Square and an odd number of triangles

Another approach
Dissect a square into an odd number of triangles?
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The theorem in detail

Square and an odd number of triangles

Another approach
Dissect a square into an odd number of triangles?

Figure: Dissection with an odd count
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The theorem in detail

Triangles with equal area
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The theorem in detail

Triangles with equal area

Figure: Even number
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The theorem in detail

Triangles with equal area

Figure: Even number Figure: Odd number
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The theorem in detail

Question

“Can a square S be divided into an odd number of
nonoverlapping triangles T;, all of the same area?”

Source: [5]
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The theorem in detail

A solution?

Figure: Dissection with nearly equal sized triangles

Image source: [1]
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The theorem in detail

Monsky’s Theorem

Theorem (Monsky?!)

It is not possible to dissect a square into an odd number of
nonoverlapping triangles, all of same area.

LPaul Monskey: Author of the proof
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Steps of the proof

Profile

@ given in “On Dividing a Square into Triangles” [4]
@ by Paul Monskey
@ in 1970
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Steps of the proof

Profile

given in “On Dividing a Square into Triangles” [4]
by Paul Monskey
in 1970

uses combinatorics

and an area of algebra: Valuation theory
(in German: Bewertungstheorie)
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Steps of the proof

Steps

Square coloring

Determinant lemma
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Excursion: Valuation theory

Valuation theory

Definition (Valuation)
U:F—-VuU{co}

where F is a field and V an additive ordered group
and

v@=c0o=a=0
u(a-b)=u(a)+u(b)
u(a+b) = min(u(a), u(b))

Further informations in [3].
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Excursion: Valuation theory

Special valuation

Definition (absolute value)
[l:R—Rxo
This function has the properties:

IX|=0&=x=0

Ix-yl=Ix]-lyl
[x+y| < |x|+ |yl (triangle inequality)
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Excursion: Valuation theory

Special valuation

Definition (absolute value)
[l:R—Rxo
This function can have the properties:

IX|=0&=x=0

Ix-yl=Ix|-lyl
Ix +y| < max{|x|, |y|} (non-Archimedean)
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Excursion: Valuation theory

Special properties of absolute values

o |l|=1
o |—-1=1
@ |—x|=|x]
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Excursion: Valuation theory

Example of an absolute value

Definition (p-adic value)

Irlp :== p_k, |0]lp =0

with
@ pis a prime
@ ke”Z
o pk.-Z=r

foragivenpandre@
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Excursion: Valuation theory

Examples for p-adic values

Example

o|2|2=‘21-1’2:2—1:%
e
ol -fpe-g-2e
S Rt
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Square coloring

Coloring

We need an non-Archimedean absolute value v in which
u(2) <1.

Definition (Coloring)

blue if u(x)>u(y) A u(x)=>u(l)
(x,y) is colored { green if u(x) < u(y) A u(y) = u(l)
red if u(x) <u(l
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Square coloring

Coloring example

Example (from [1])
@ 2-adic value
@ fractions of the form %

o--a--oa«on.-o-ouocc
--o--.oo-uoou.o-
©ececesecccecene

Figure: Example for a colored square
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Square coloring

Rainbow triangle

Definition (rainbow triangle)
A triangle generated by a red, green and blue vertex.

Example
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Square coloring

Steps
Square coloring
Determinant lemma
« ~
Rainbow triangle area  Color count of Segment count of
J line vertices square boundary

No rainbow triangle 4 \ ]

T Rainbow triangles
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Determinant lemma

Determinant lemma

Definition
Xp yp 1
Xr yr 1
Theorem

For any blue point (xp, yp), green point (xg, yg) and red point
(Xr, yr) the value of the determinant of M is at least 1:

u(det(M))>1
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Determinant lemma

Proof for determinant property

Proof.

U(det(M)) = U(xp - yq) = U(Xp) - U(yg) 2 U(1)- (1) = 1

]

Hint
Follows from the coloring on frame 15.
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Determinant lemma

Steps
Square coloring
Determinant lemma
« ~
Rainbow triangle area  Color count of Segment count of
J line vertices square boundary

No rainbow triangle 4 \ ]

T Rainbow triangles
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Area of a rainbow triangle

Area of a rainbow triangle

Target

The area of a triangle of a dissection must be % A rainbow

triangle should violate this, so it must not be a part of a
dissection.

Theorem

The area of a rainbow triangle cannot be zero or % for odd n.
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Area of a rainbow triangle

Area is not zero

Hint
The area of an triangle can be computed with a determinant
(see for example [2]):

1 Xa ya 1 1
A=_-|det| Xz yo 1 :§-|det(M)l
xc yc 1
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Area of a rainbow triangle

Area is not zero

Hint

The area of an triangle can be computed with a determinant
(see for example [2]):

1 Xa ya 1 1
A=Z=.|det| xz ys 1 ||=="|det(M)|
2 Xc yc 1 2
Proof.
The value of the determinant is at least one (see 19). The half
cannot be zero. O
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Area of a rainbow triangle

Area # = for odd n

Proof.
© Suppose the area A of a rainbow triangle is %

@ The value of the determinant (see 19) is at least one.
© But if the n is odd, it should be less then one. 4
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Area of a rainbow triangle

Steps
Square coloring
Determinant lemma
« ~
Rainbow triangle area  Color count of Segment count of
J line vertices square boundary

No rainbow triangle 4 \ ]

T Rainbow triangles
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Existence of rainbow triangles

Existence of rainbow triangles

Target

We showed already, that there must not be a rainbow
triangle. Now we show, that there must be at least one.

Theorem

Suppose that no face contains vertices of all three types and
that R has an odd number of faces of type af. Then some T;
has vertices of all three types.

Source: [4]
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Existence of rainbow triangles

Existence of rainbow triangles

Target

We showed already, that there must not be a rainbow
triangle. Now we show, that there must be at least one.

Theorem

Suppose that no line contains vertices of all three types and
that the square has an odd number of boundary lines of type
red-blue. Then some triangles has vertices of all three types.
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Existence of rainbow triangles

No lines with all three colors

Theorem
Any line of the plane receives at most two different colors.
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Figure: Example for a square coloring (with lines)

Image source: [1]
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Existence of rainbow triangles

No lines with all three colors

Theorem

Any line of the plane receives at most two different colors.

Proof.

@ Suppose there lie red, green and blue points on a line.
©@ The value of the determinant (see 19) would be zero.
© This is a contradiction, because it must be at least one. ;4

0J
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Existence of rainbow triangles

red-blue segments

Definition (red-blue segment)

A segment is called a red-blue segment if one endpoint is red
and the other is blue.

Theorem

A concatenation of segments starting with a red vertex and
stopping with a blue vertex contains an odd number of
red-blue-segments.
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Existence of rainbow triangles

Segment count of square boundary

Theorem

The boundary of the square contains an odd number of
red-blue segements.
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Existence of rainbow triangles

Segment count of square boundary

Theorem

The boundary of the square contains an odd number of
red-blue segements.

Hint

Follows from coloring (see 15) and u(0) =0, u(1) =1 for all
valid valuations.

Proof.
(0,1)—(1,1)

(0,0) - (1,0) .
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Existence of rainbow triangles

A dissection contains rainbow triangles

Theorem
@ Triangles with at most two colors at its vertices contains
an even number of red-blue segments
@ Rainbow triangles contains an odd number of red-blue
segments

Proof.

There must be an odd number of rainbow triangles, because
the square boundary contains an odd number of red-blue
segments. O
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Existence of rainbow triangles

Existence of rainbow triangles

Target

We showed already, that there must not be a rainbow
triangle. Now we show, that there must be at least one.

Theorem

Suppose that no line contains vertices of all three types and
that the square has an odd number of boundary lines of type
red-blue. Then some triangles has vertices of all three types.
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Conclusion

Steps
Square coloring
Determinant lemma
« ~
Rainbow triangle area  Color count of Segment count of
J line vertices square boundary

¢~ |

No rainbow triangle L
Rainbow triangles
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Conclusion
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Conclusion
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Conclusion
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Conclusion

Quod erat demonstrandum

Thank you for your attention.

Are there any questions left?
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